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1. Introduction 

The purpose of this paper is to generahze the relation j KM4j between intersection 
numbers of cycles in locally symmetric spaces of orthogonal type and Fourier coef- 
ficients of Siegel modular forms to the case where the cycles have local coefficients. 
Now the correspondence will involve vector-valued Siegel modular forms. 

Let y_he a non-degenerate quadratic space of dimension m and signature {p, q) 
over Q, for simplicity. The general case of a totally real number field is treated in 
the main body of the paper. We write V = V_(K) for the real points of y_ and let 
G = SOq{V). Let G' denote the nontrivial 2-fold covering group of the symplectic 
group Sp{n, M) (the metaplectic group) and K' be the 2-fold covering inherited by 
U{n). Let D = G/K resp. D' = G'/K' be the symmetric space of G resp. G'. Note 
that D' = Mn, the Siegel upper half space. In what follows we will choose appropriate 
(related) arithmetic subgroups T C G and T' C G". We let M = T\D and M' = T'\D' 
be the associated locally symmetric spaces. If M is not compact, we let M denote 
the Borel-Serre compactification and dM denote the Borel-Serre boundary of M. 

We let E„ denote the holomorphic vector bundle over H[„ associated to the standard 
representation of U{n), i.e., E„ = 5*^(71, M) X[/(„) C^. For each dominant weight A' 
of U{n), we have the corresponding irreducible representation space S'a'(C") of U{n) 
and the associated holomorphic vector bundle SyKn over M' (see ^ for the meaning 
of the Schur functor Sy{-)). For each half integer k/2 we have a character det'^/'^ of 
K' . Let be the associated G'-homogeneous fine bundle over the Siegel space. For 
each dominant weight A of G, we have the corresponding irreducible representation 
S{\]{y) of G with highest weight A and the fiat vector bundle 5'[a](V) over M with 
typical fiber S[^{y) (see ^ for the meaning of the harmonic Schur functor 5'[a](-))- 

Let A be a dominant weight for G. Let z(A) be the number of nonzero entries in 
A when A is expressed in the coordinates relative to the standard basis {cj} of |Bouj . 
Planche II and IV. Hence we have i{X) < [m/2]. We will assume (because of the choice 
of X below in the construction of our cycles Gx, see Remark [4. 7|) that i(A) < p. Now 
we choose n as in the paragraph above to be any integer satisfying i{X) < n < p and 
choose for our highest weight of U{n) corresponding to A the unique dominant weight 
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A' such that A' and A have the same nonzero entries, We note that both weights 
correspond to the same Young diagram and consequently the Schur functors Sx'{-) 
and >S'a(-) are the same so we will not distinguish between them. 

The main point of this paper is to use the theta correspondence for the dual pair 
{G, G') to construct for pair of dominant weights A' and A as above an element 

(r G ]HI„, z E D) which is closed as a differential form on M: 

d0nq,[x]ir, z) = 0. 

Our notation is justified since n and A determine A'. 

Hence we obtain an induced element [9ng,ix]] e C°°(M', ^AE;®L_™)(g)i/"«(M, ^[ajV). 
We will say that elements of the above tensor product are sections of the holomorphic 
bundle SxK ® L_™ with coefficients m H'"i{M, 5[a]V). 

Note that the highest weight of the isotropy representation of the homogeneous 
vector bundle for the symplectic group coincides (up to a shift) after the addition 
or suppression of zeroes with the highest weight of the coefficient system for the 
orthogonal group. This correspondence of the highest weights between 0{p,q) and 
Sp{n, M) agrees with the one obtained by Adams [AdlJ . 

On the other hand, we can construct cycles in M as follows. Recall that we can 
realize D as the set of negative g-planes in V: 

D = {z C V : dimz = q (,)|2;<0}. 

Then for x = (xi, . . . G V_^ with positive definite inner product matrix (x, x) = 
{xi,Xj)ij, we define a totally geodesic submanifolds by 

= {z E D : z -L span(x)}. 

This gives rise to cycles Cx in M of dimension {p — n)q, and by summing over all 
X in (a coset of) a lattice in V_ such that |(x, x) = /? > 0, one obtains a composite 
cycle C/j. For j3 positive semi definite of rank t < n, there is a similar construction to 
obtain cycles Cp of dimension {p — t)q. We can then assign coefficients to these cycles 
(see ^for details) to obtain (relative) homology classes 

C^,[A] G 5a(C")* ® H^p-t),{M, dM, 5[A]V), 

i.e., for every vector w G 5'a(C"), we obtain a class 

C^,[A](w^) G%-t)g(M,9M,5[A]V), 

and for any cohomology class rj G Iljf "■''^(M, ^iajV), the natural pairing gives a vector 

(r^,C^,[A])G5A(n*. 

In the usual way, we can identify the space of holomorphic sections of the bun- 
dle 5aE; (g) L_- over (the compactification of) M' with Mod{T', 5a(C")* ® det"^), 
the space of holomorphic vector-valued Siegel modular forms for the representation 
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S'a(C")* (g)det"^. Here Mod{T', S'a(C")* (g)det"^) is the space of holomorphic func- 
tions /(r) on EI„ with values in S'a(C")* det~~, holomorphic at the cusps of M', 
such that 

/(7r) = (pI®det-"^/2)(*j(7,r)-^)/(r). 

Here px is the action of GL„(C) on S'a(C") and j{'j,T) = ct + d is the usual auto- 
morphy factor for 7 = ^) G F'. Recall that for Siegel modular forms, the Fourier 
expansion is indexed by positive semidefinite P e SyrriniQ), and note that the /3-th 
Fourier coefficient of such a form is now a vector in 5'a(C")*. 
Our main result is 

Theorem 1.1. The cohomology class [6nq,[x]] is a holomorphic Siegel modular form 
for the representation S'a(C")* ® det~~ with coefficients in H"''^{M, 5'[a]V). Moreover, 
the Fourier expansion of [Onq,ix]]{'T) is given by 

n 

[^n.,[A]](r) = E E (^^(C/3,[A]) n e-') e'-^'^^^^\ 

t=0 I3>0 
rank f3=t 

where PD{C^^[x\) denotes the Poincare dual class of PD^C^^ix]) ■ Here, for q even, 
denotes a certain invariant q-form, the Euler form on D, and is zero if q is odd. 
Furthermore, if q is odd or if i{X) = n, then [Onq,[\]\{j) is a cusp form. 

This generalizes the main result of |IKM4j . where the generating series for the 
special cycles with trivial coefficients was realized as a classical holomorphic Siegel 
modular form of weight m/2. 

Pairing with [6'„q [a]] with cohomology and homology defines two maps, which we 
denote both by A„q [aj, namely 

A„,,[A] : i/i^-")«(M, ^[A]V) Mod{T\ SI ® det "T); 

m 

A„,,,[A] : HnqiM, S[x]V) — ^ ModiV, SI det ~^). 
These pairings give rise to the following two reformulations of Theorem 11.11 

Theorem 1.2. For any cohomology class rj G Hjf "^^(M, iSjajV) and for any compact 
cycle C G if„g(M, ^[ajV), the generating series 

n 

t=0 I3>0 

and 

n 

J]5^(C,(C,,[A]ner*))e^-^*^(^^) 

t=0 /3>0 

m 

define elements m Mod{T\ 5'a(C")* ® det" 2 ). 

To illustrate our result, we consider the simplest example. 
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Example 1.3. Consider the weight A' = (£,£,■■■ , i) of U (n) (so the number or £'s is 
n). Then Sx{C^) ~ Sym^{/\^{£.'^)) is one-dimensional, while S\^\]{y) can be realized 
as a summand in the harmonic tensors in Sym^{/\^{V)) C V"®"^. For r/ a closed 
rapidly decreasing S'[a]V- valued smooth differential {p — n)q-foYm on M, the pairing 
([r/], Cx,[A]) is given by the period 



],Cx,[A]) = / (r/, (xi A---Aa;„)'), 

>/Cx 

with the bilinear form {, ) on V extended to V"*^"^. Then the generating series of 
these periods 



E 

(x,x)>0 



is a classical scalar- valued holomorphic Siegel cusp form of weight i + 171/2. Here L 
is (a coset of) an integral lattice in V_. 

For n = 1, several (sporadic) cases for generating series for periods over cycles with 
nontrivial coefficients as elliptic modular forms were already known: For signature 
(2,1) by Shintani |Sj, signature (2,2) by Tong fTj and Zagier [ZJ, and for signature 
(2, q) by Oda ^ and Rallis and Schiffmann ||RSjj. For the unitary case of U{p, q), see 
also |TWj . 

We have not tried to prove that the Siegel modular form associated to a cohomology 
class ?7 or a cycle C is nonzero. However, for the case in which G = SOo{p, 1) the 
nonvanishing of the associated Siegel modular form (for a sufficiently deep congruence 
subgroup depending on P and A) follows from |KMlj together with |M]. Indeed first 



apply [KMl] . Theorem 11.2, to reduce to the case where the cycle C^^ja] consists of a 
single component Cx ® X[/(a)], by passing to a congruence subgroup, see ^4.31 Then 
apply (the proof of) Theorem 6.4 of where it is shown that for a sufficiently deep 
congruence subgroup the cycle Cx ® ^[/(a)] is not a boundary. 

For general orthogonal groups, the results of J. S. Li ^ suggest that again the 
Siegel modular form associated to a suitable rj is nonzero. Indeed, J. S. Li [L] has 
used the theta correspondence (but not our special kernel Onq,ix\) to construct non- 
vanishing cohomology classes for 0{p, q) for the above coefficient systems (with some 
restrictions on A). However it is possible that all the above cycles C^,[a] are boundaries 
for some p, q and A This would be an unexpected development. 

Finally, we would like to mention our motivation for the present work. We are 
interested in extending the lift A„g_[A], say for A = 0, the trivial coefficient case, to the 
full cohomology if'^"~P)''(M, C). This would extend the results of Hirzebruch/Zagier 
|HZj . who, for Hilbert modular surfaces (essentially Q-rank 1 for 0(2, 2)), lift the full 
cohomology if ^(M, C) to obtain generating series for intersection numbers of cycles. 
In this process, cohomology classes and cycles with nontrivial coefficients naturally 
occur, as we now explain. 

We study the restriction of 6nq,Q to i9(M), which is glued together out of faces e(P), 
one for each F-conjugacy class of proper parabolic Q-subgroups P of G. We have 
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Theorem 1.4 f jFMTl EmS). The theta kernel Onqfl extends to M. In fact, the 
restriction to e{P) is given by a sum of theta kernels 6n{q-r),x for a nondegenerate 
subspace W <Z V associated to an orthogonal factor of the Levi subgroup of P with 
values in S\{W) for certain dominant weights A. 

The paper is organized as follows. In §2, we briefly review homology and coho- 
mology with nontrivial coeflicients needed for our purposes, while in §3, we review 
the construction of the flnite dimensional representations of GLn{C) and 0{n) using 
the Schur functors Sx and S[x]- We introduce the special cycles with coefficients in 
§4. In §5, we give the explicit construction of the Schwartz forms <fnq,[x] underlying 
the theta series Onq,[\]. We give their fundamental properties and for the proofs, we 
reduce to the case of n = 1. §6 is the technical heart of the paper, in which we proof 
the fundamental properties of fnq,[x] for n = 1. Our main tool is the Fock model of 
the Weil representation, which we review in the appendix to this paper. Finally, in 
§7, we consider the global theta series Onq^[x\ and give the proof of the main result. 

A major part of this work was done while the first named author was a fellow at the 
Fields Institute in Toronto in the academic year 02/03. He would like to thank the 
organizers of the special program on Automorphic Forms and the staff of the institute 
for providing such a stimulating environment. We thank Steve Kudla for encouraging 
us to consider the case of an arbitrary dominant weight in order to produce generating 
functions for intersection numbers and periods that were vector- valued Siegel modular 
forms. 



2. HOMOLOGY AND COHOMOLOGY WITH LOCAL COEFFICIENTS 

In this section we review the facts we need about homology and cohomology of 
manifolds (possibly with boundary) with coefficients in a flat bundle ("local coeffi- 
cients") and "decomposable cycles". We refer the reader to (H^, page 330 - 336 for 
more details. 

2.1. The definition of the groups. We now deflne the homology and cohomology 
groups of X with coefficients in E. We will do this assuming that X is the underlying 
space of a connected simplicial complex K. We will define the simplicial homology 
and cohomology groups with values in E. By the usual subdivision argument one can 
prove that the resulting groups are independent of the triangulation K. 

We define a p-chain with values in ii^ to be a formal sum S™i^crj ® Si where ai is 
an oriented p-simplex and Si is a flat section over o"i. We denote the group of such 
chains by Cp{X, E). Before deflning the boundary and coboundary operators we note 
that if t is a flat section of E over a face r of a simplex a then it extends to a unique 
flat section eo-^^(t) over a. Similarly if we have a flat section s over a it restricts to 
a flat section ^^- ^-(s) over r. Finally if cr = (wq, ■ ■ ■ , ^p) we deflne the i-th face (Xj by 
o"i = ("^0, ■ ■ ■ , "^j, ■ ■ ■ ; "^p)- Here Vi means the i-th vertex has been omitted. 
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We define the boundary operator dp : Cp{X, E) — ^ Cp_i(X, E) for a a p-simplex 
and s a flat section over X by 

p 

dp{a ^ s) = ® r^,,^(s) 

1=0 

Then dp-iodp — and we define the homology groups H^{X, E) of X with coefficients 
in in the usual way. These groups depend only on the topological space X and the 
fiat bundle E. 

In a similar way simplicial cohomology groups of X with coefficients in E are 
defined. A £^-valued p-cochain on X with values in £J is a function a which assigns 
to each p-simplex a a flat section of E over a. The coboundary 5pa of a p-cochain a 
is defined on a (p + l)-cochain a by : 

p 

5pa{a) = ^(-l)*ea,a,(Q;((Ti)). 

1=0 

Then o 5p — Q and we define the cohomology groups H*{X, E) of X with coeffi- 
cients in E in the usual way. 

If A is a subspace of X, then the complex of simplicial chains with coefficients in 
E\A is a subcomplex, and we define the relative homology groups H {X, A, E) with 
coefficients in E to be the homology groups of the quotient complex. Similarly, we 
define the subcomplex of relative (to ^4) simplicial cochains with coefficients in E to 
be the complex of simplicial cochains that vanish on the simplices in A and define the 
relative cohomology groups H*[X, A, E) to be the cohomology groups of the relative 
CO chain complex. 

2.2. Bilinear pairings. We first define the Kronecker pairing between homology and 
cohomology with local vector bundle coefficients. Let E, Fand G be flat bundles over 
X. Assume that v : E ®F — > C is a parallel section of Hom{E ®F,G). Let a be a 
p-cochain with coefficients in E and a® she ap-simplex with coefficients in F. Then 
the Kronecker index < a,a ® s > is the element of Hq{X, G) defined by: 

< a, (7 (8) s >= v{a{(T) ® s). 

The reader will verify that the Kronecker index descends to give a bilinear pairing 

< , >: HP{X, E) ® Hp{X, F) HoiX, G). 

We note that if G is trivial then Hq{X, G) = G^^. In particular, we get a pairing 

< , >: HP{X, E*) (g) Hp{X, E) — > R, 

which is easily seen to be perfect. The coefficient pairing E ® F ^ G also induces 
cup products with local coefficients 

U : HP{X, E) ® H'^iX, F) — > H^+^X, G) 

and cap products with local coefficients (here we assume m > p) 

n : HP{X, E) ® Hm{X, F) Hm-p{X, G). 
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These are defined in the usual way using the "front-face" and "back-face" of an 
ordered simplex and pairing the local coefficients using v. 

Remark 2.1. We define the cap product a fl a for a a p-cochain and a a simplex by 
making a operate on the back p face of cr. With this definition the adjoint formula 

(2.1) {aU f3,a) = {a,/3na) 

holds (rather than {a U /3, a) = {(3 , a H a)) . 

The above pairings relativize in a fashion identical to the case of trivial coefficients. 

Since the proof of Poincare (Lefschetz) duality is a patching argument of local 
dualities (see [Haj . p. 245-254), it goes through for local coefficients as well, and we 
have 

Theorem 2.2. Let X be a compact oriented manifold with (possibly empty) boundary 
and (relative) fundamental class [X,dX]. Then we have an isomorphism 

V : HP{X, E) H^.p{X, dX, E) 

given by 

V{a) =an[X,dX]. 

Definition 2.3. Suppose [a] G Hp{X, dX, E). We will define the Poincare dual of [a] 
to be denoted PD{[a]) by 

PD{[a])=V-\[a]). 

We can now define the intersection number of cycles with local coefficients. 

Definition 2.4. Let E, F, G and v be as above and [a] and [6] be homology classes 
with coefficients in E and F respectively. Then we define the intersection class [a] ■ [6] G 
H, (X, G) by the formula 

[a]-[h]=V{PD{[a])UPDm). 

on our convention in Remark 12. II we digress to prove 

Lemma 2.5. Using Definition \2.4\ and the convention in Remark \2.1\ we have 

[a]-[h] = {PD{[a]Uh]). 

2.3. Decomposable cycles. There is a particularly simple construction of cycles 
with coefficients in E. Let F be a compact oriented submanifold with (possibly 
empty) boundary dY C dX of X of codimension p and let s be a parallel section of 
the restriction of E to Y . Let [F, dY] denote the relative fundamental cycle of Y so 
[F, dY] = Tiiai, a sum of oriented simplices. 

Definition 2.6. Y ^ s denotes the {n — p)-chain with values in E given by 

Y = 'ZiOi (g) Si 

where Sj is the value of s on the first vertex of cTj. 

Lemma 2.7. Y®s is a relativen—p cycle with coefficients in E, called a decomposable 
cycle. 

For motivation of the term decomposable cycle we refer the reader to [Mj . 
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2.4. The de Rham theory of cohomology with local coefficients and the dual 
of a decomposable cycle. In this subsection we recall the de Rham representations 
of the cohomology groups H*{X, E) and of the Poincare dual class PD{Y ® s). 
/^From now on, X will always be smooth manifold. 

A differential p-form u with values in a vector bundle E is a section of the bundle 
/\^T*(X) (g) E over X. Thus u assigns to a p-tuple of tangent vectors at x G X a 
point in the fiber of E over x. Suppose now that E admits a fiat connection V. We 
can then make the graded vector space of smooth ^'-differential forms A* {X, E) into 
a complex by defining 

p 

d^{uj){X,, X2, ■ ■ ■ , X,+i) = ^(-1)- Vx. {uJ{X^, ■■■X,---, ^p+i)) 

i=l 

i<j 

Here Xj,l<'i<p+1, isa smooth vector field on X. 

We now construct a map l from Ap{X, E) to the group of simplicial cochains 
C^{X,E) as follows. Let u G A^(X, E') and a be a p-simplex of K. Then in a 
neighborhood U of a we may write uj = Y2i ® Si where the Sj's are parallel sections 
of E\U and the tUj's are scalar forms. We then define 

< l{uj),CX >= ^( / UJi)Si{Vo). 

i •^'^ 

The standard double-complex proof of de Rham's theorem due to Weil, see |BTj . 
p. 138, yields 

Theorem 2.8. The integration map t : ifJg^^^^(X, i?) — > H*{X,E) is an isomor- 
phism. 

Finally, we will need that the cohomology class PD(Y s) has the following rep- 
resentation in de Rham cohomology with coefiicients in E. 

Let U he a tubular neighborhood of the oriented submanifold with boundary Y. 
We assume (by choosing a Riemannian metric) that we have a disk bundle n : U Y. 
Then a Thom form for F is a closed form uy where ujy is compactly supported along 
the fibers of vr and has integral one along one and hence all fibers of vr. It is standard 
that the extension of uy to X by making it zero outside of U represents the Poincare 
dual of the class of [Y, dY]. The parallel section s of E\Y extends to a parallel section 
of E\U again denoted s. We extend s to X by making it zero outside of U. We 
continue to use the notation cuy ® s for this extended form. We will see below that 
uy <S) s represents the Poincare dual of F ® s. 

If [a] G Hp{X, dX, E), then the de Rham cohomology class PD{[a]) is the class of 
(ra — p)-forms characterized by the property that if a is a simplicial cycle representing 
[a], then for any E* valued p-form rj vanishing on dX we have 



/ r]APD{[a])= [ r]. 

J X J a 
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Remark 2.9. In abstract terms the above equation is 

UPD([a]),[X,9X]) = (M,H). 



Since the expression on the right-hand side of this formula is equal to {[i]], PD{[a]) fl 
[X,dX]) our definition of Poincare dual amounts to assuming the adjoint formula, 
(j2.H) . and hence that assuming the "back p face " definition of the cap product. 

Lemma 2.10. Then the de Rham cohomology class Poincare dual to the cycle with 
coefficients Y ^ s is represented by the bundle-valued form ujy ® s. 

Proof. We need to prove that for any ii^*-valued closed {n — p)-form rj vanishing on 
dX we have 

/ ?7AcJy(g)S= / 7]= / (77,5). 
Jx Jy»s Jy 

But 

/ ?7 A ciJy ® s = / {ri,s)Auj. 
Jx Jx 

But since s is parallel on U the scalar form (77, s) is closed, and the lemma follows 
because uty is the Poincare dual to [Y, dY] . □ 



3. Finite dimensional representations of GL{n) and 0{n) 

In this section we will review the construction of the irreducible finite dimensional 
(polynomial) representations of GL{U) (resp. 0{U)) where ?7 is a complex vector 
space of dimension n (resp. a finite dimensional complex vector space of dimension 
n equipped with a non-degenerate symmetric bilinear form ( , )). 



3.1. Representations of the general linear group. 



3.1.1. Schur functors. We recall that the symmetric group Si acts on the £-fold tensor 
product T^{U) according to the rule that s & Si acts on a decomposable Vi® ■ ■ - Vi 
by moving Vi to the s(z)-th position. Let A = (&i, ■ " " ? ^n) be a partition of ^. We 
assume that the 6j's are arranged in decreasing order. We will use -D(A) to denote 
the Young diagram associated to A. 

For more details on what follows, see |FHj . §4.2 and §6.1, |GWj . §9.3.1-9.3.4 and 
lEij, Ch. V, §5. 

Standard fillings and the associated projections. 

Definition 3.1. A standard filling t{\) of the Young diagram -D(A) by the elements 
of the set [£] = {1, 2, ■ ■ ■ , is an assignment of each of the numbers in [£] to a box 
of -D(A) so that the entries in each row strictly increase when read from left to right 
and the entries in each column strictly increase when read from top to bottom. We 
will denote the set of standard fillings of D[\) by S{\). A Young diagram equipped 
with a standard filling will be called a standard tableau. 
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We let tQ{X) be the standard filhng that assigns 1, 2, ■ ■ ■ ,i from left to right starting 
with the first row then moving to the second row etc. 

We now recall the projection in End{T^{U)) associated to a standard tableau T 
with ^ boxes corresponding to a standard filling t(A) of a Young diagram -D(A). Let P 
(resp. Q) be the group preserving the rows (resp. columns) of T. Define elements of 
the group ring of Si by rt{\) = ci Y.pP and Q(a) = C2 Y.q where ci = l/\P\ and 
C2 = 1/IQI, so rt(A) and Q(a) are idempotents. We let V (resp. Q) be the projections 
operating on r'^(f/) obtained by acting by rj(A) (resp. Ct{X)). We put Sj(a) = c^Ct(X)-rt{x) 
(product in the group ring) where C3 is chosen so that St{\) is an idempotent, see |FHj . 
Lemma 4.26. 

Remark 3.2. We have abused notation by not indicating the dependence of Q and V 
on the standard filling t(A). We will correct both these abuses by letting 7rt(A) denote 
the projector obtained by correctly normalizing the previous product. 

We now have 

Theorem 3.3. We have a direct sum decomposition 

nu) = © © ^*(A) {T\u)) , 

AgPW t{A)G5(A) 

where 'P(^) denotes the set of partitions of i. 

Furthermore we have, |GWj . Theorem 9.3.9, 

Theorem 3.4. For every standard filling \, the GL(y) -module St(x) (T^(f/)) is irre- 
ducible with highest weight A. 

Remark 3.5. If t'{X) is another standard filling then the permutation relating the 
two filhngs induces an isomorphism of 7!'t(x){T^{U)) and 7!-t'(x)(T^{U)). 

For concreteness we will define the Schur functor 5'a(-) by choosing t(A) = to{X), 
whence Sx{U) = Stg(A) (T^{U)). We obtain projections vta 

VTA : T\U) Sx{U) 

and inclusions 

Lx:SxiU)^T'iU). 

Semistandard fillings and the associated basis of Sx{U). 

Definition 3.6. A semistandard filling of -D(A) by the set [n] = {1,2, ■■ ■ ,n} is an 
assignment of the numbers in [n] to the boxes of -D(A) such that the numbers in 
each row increase weakly and the numbers in each column increase strictly. We let 
SS{X,n) denote the set of semistandard fillings of -D(A) by the elements of the set 

M- 

We will also need 
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Definition 3.7. Suppose x = (xi,- ■■ ,Xn) G U"- and /(A) G ^^(A,^). Suppose 
is the j-th entry in tlie i-th column. Tlien Xf(^x), the word in x corresponding to /(A), 
is defined by 

X/(A) = a;an ® Xaia ® ' ' " ® Xa^^^ ■ 

We liave 

Theorem 3.8. Let ui, ■ ■ ■ ,Un be a basis for U and let u = {ui, . . . , Then the set 
of vectors {nt(x){uf(x)) ■ f G SS{\,n)} is a basis for ■Kt{x){T'^{U))- 

For a simple proof of this theorem see |Boej . Theorem 5.3. Boerner proves the the- 
orem using the idempotent c^VQ on T^{U) (actually, he considers c^QV on T^{U*)), 
but his proof can be easily modified to give the theorem above. 

3.2. Representations of the orthogonal group. 

3.2.1. The harmonic Schur functors. We will follow jFHj in our description of the 
harmonic Schur functor U —>■ Six]{U) on an ra-dimensional non degenerate quadratic 
space (t/, ( , )) corresponding to a partition A. 

The harmonic projection. Suppose that Vx is the irreducible representation of 
SO(U) with highest weight A = 62, ■ ' ' 1 bk) where k = [|]. We will abuse notation 
and use A to denote the corresponding partition of £ = ^ 6j. We extend the quadratic 
form ( , ) to T^{U) as the £-fold tensor product and note that the action of Sf, on 
T^{U) is by isometries. For each pair / = {i,j) of integers between 1 and i we define 
the contraction operator Ci : ^'''U ®^^'^U by 

Ci{vi ^ ■ ■ - Vi) = '^{vi, ek){vj, ek)vi ■ ■ ■ ® Vi ^ ■ ■ ■ ® vj ■ ■ ■ ® vi 

k 

where {ei, ■ ■ ■ ,e„} is an orthonormal basis for ( , ). We also define the expansion 
operator Aj : ^^'"^11 to be the adjoint of C/, that is the operator that inserts 

the (dual of) the form ( , ) into the (i, j)-th spots. We define the harmonic ^-tensors, 
to be denoted U^^\ to be the kernel of all the contractions C/. Following |FHj . p. 263, 
we define the subspace uf}_2r ^"^^ ^y 

Carrying over the proof of |FHj . Lemma 17.15 (and the exercise that follows it) 
from the symplectic case to the orthogonal case we have 

Lemma 3.9. We have a direct sum, orthogonal for ( , ), 

We define the harmonic projection Ti. : T^(U) — > f/'^^ to be the orthogonal projection 
onto the harmonic ^-tensors f/t^'. The space of harmonic £-tensors f/'^^ is invariant 
under the action of Se- Consequently we may apply the idempotents in the group 
algebra of Si corresponding to partitions to further decompose U^^'^ as an 0(f/)- 
module. 
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The harmonic Schur functors. Again following |FJij . p. 296, we define the har- 
monic Schur functor S[x]U as follows. 

Definition 3.10. 

S[x]{u) = nQVT\u) = nSx{u). 

We then have see |FHj . Theorem 19.22, 

Theorem 3.11. The 0{U) module S[x\{U) is irreducible with highest weight A. 

Definition 3.12. We write nm = Hovta for the projection from T^{U) onto S[\]{U). 
For a semistandard filling /(A), we also set for x = (xi, . . . , 

X[/(A)] = 7r[A]X/(A) G S[A](f/). 

In what follows, we will need the following 

Lemma 3.13. (i) Ti^V and Q are self-adjoint relative to { , ). 
(ii) Ti. commutes with V and Q. 

Proof. It is clear that Ti is self-adjoint. The arguments for V and Q are the same. 
We give the one for Q. We will use the symbol q to denote both the element q E Q 
and the corresponding operator on T^{V). Since q is an isometry we have q* = q^^. 
Hence we have 

To prove that Ti. commutes with V and Q it suffices to prove that Ti. commutes with 
every element g E Si. But Si acts by isometrics and preserves t/'^l Consequently it 
commutes with orthogonal projection on f/'^l □ 

4. Special cycles with local coefficients 

4.1. Arithmetic quotients for orthogonal groups. Let K be a totally real num- 
ber field with Archimedean places vi, . . . ,Vr and associated embeddings Ai, . . . , A^ 
and let be O its ring of algebraic integers. Let V_ be an oriented vector space over 
K of dimension m > 3 with a non-degenerate bilinear form ( , ) and let V be the 
completion olV_ at Vi. We assume that the associated quadratic form has signature 
(p, q) at the completion vi and is positive definite at all other completions. Finally, 
we let L be an integral lattice in V_ and D L its dual lattice. 

Let G_ be the algebraic group whose K-points is the group of orientation preserving 
isometrics of determinant 1 of the form ( , ) and let G := G(]R) its real points. We 
let $ = G_{0) be the subgroup of G(K) consisting of those elements that take L into 
itself. We let b be an ideal in O and let F = r(b) be the congruence subgroup of $ of 
level b (that is, the elements of $ that are congruent to the identity modulo b). We 
fix a congruence condition G once and for all and note that F operates on the 
coset h + bL"-. 

We realize the symmetric space associated to V as the set of negative q- planes in 

V: 

D {z (Z V ] dim. z = q and (,)|^<0}. 
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We denote the base point of D hj zq, and we have D c::^ G/K, where K is the maximal 
compact subgroup of G stabihzing zq. Also note dim^D = pq. For z E D, we write 
( , )z for the associated majorant. Finally, we write 



for the locally symmetric space. 

4.2. Special cycles with trivial coefficients. Let x = {xi,X2,- ■■ ,Xn} G be 
an n-tuple of K-rational vectors. We let X be the span of x and let X be the 
completion of X at Ai. We write (x, x) for the n hj n matrix with ij-th entry 
equal to {xi,Xj). We call x nondegenerate if rank(AjX, Ajx) = dimX for all i and 
nonsingular if rank(AjX, Ajx) = n. 

Assume x is nondegenerate with dimX = t < n such that ( , )|X is positive 
definite. Let rx be the isometric involution of V given by 



We define the totally geodesic subsymmetric space Dx by 

Dx = {z e D : {z,Xi) = 0,1 <i < n}. 

Then Dx is the fixed-point set of rx acting on D and has codimension {n — t)q in 
D. We orient Dx as in |KM4j . p. 130-131. We also define subgroups Gx (resp. Fx) 
to be the stabilizer in G (resp. in F) of the subspace X. We define G'x C Gx to be 
the subgroup that acts trivially on X, and put F^ = F fl G'x- 

Theorem 4.1. There exists a congruence subgroup F := F(b) o/ $ such that 

(1) M = T\D is an orientable manifold of dimension pq with finite volume, and 

(2) for all X as above, the image Gx of Dx in M is the quotient Tx\Dx and 
defines a properly embedded orientable submanifold of codimension (n — t)q. 

The theorem will be a consequence of the existence of a "neat" congruence sub- 
group. We recall the definition of a neat subgroup of F. 

Definition 4.2 ([B];P- 117). An element (? G G is neat if the subgroup of C* generated 
by the eigenvalues of g is torsion free. In particular, if a root of unity z is an eigenvalue 
of a neat element then z = 1. A subgroup F C G is neat if all the elements in F are 
neat. 



Proposition 4.3 (Proposition 17.4, [B]). Let G be an algebraic group defined over 

Q and F an arithmetic subgroup. Then F admits a neat congruence subgroup. 

Theorem 14. II is an immediate consequence of the following 

Lemma 4.4. If T is a neat subgroup, then Tx acts trivially on X, i.e., F^ = Fx- 



M = T\D 




We have 
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Proof. We have a projection map px '■ ^ ^(^i) ^ 0{X2) x • ■ ■ x 0(X^.). Here by 
Xi we mean the z-th completion of X. The ?-th completion of ( , ) restricted to Xi is 
positive definite for 1 <i <r. Furthermore the splitting V = X Q)X-^ is defined over 
K. Thus the diagonal embedding of the intersection Lx = LflX is a lattice in Q)i=QXi 
which is invariant under px(^x)- Hence px(^x) is a discrete subgroup of a compact 
group hence a finite group. Hence if 7 G px(Xx), then all eigenvalues of 7 are roots 
of unity. Since F is neat all eigenvalues must be 1 and the lemma follows. □ 
We will later need 

Definition 4.5. The Riemannian exponential map from the total space of the normal 
bundle of Dx to D induces a fiber bundle nx '■ D Dx with totally geodesic fibers. 
The map ttx induces a quotient fibering nx '■ ^x\D — > Vx\Dx = Cx, see jKMlj . A 
Thom form $x for the cycle Cx is a closed integrable {n — t)g-form on Tx\D such 
that the integral of $x over each fiber of ttx is 1. In particular, $x is a Poincare 
dual form for the cycle Cx in the noncompact submanifold Fx\-D. 

Occasionally, we will also write Cx (-Dx) for Cx (Dx)- 

We introduce composite cycles as follows. For P G ^^^^^(K), we set 

^^/3 = {xGZ":K^'^)=/5} 

and 

= {x G ^2/3 : dim XjX = rank/5 for all i}. 

We put 

Cfi = Cf3{h, b) = {h + bL"") n fi^. 
Then F acts on £^ = £^nn^ with finitely many orbits and for j3 positive semidefinite 
(i.e., Aj(/?) > for all i), we define 

Cf}= ^ Cx- 
xer\£^ 

4.3. Special cycles with nontrivial coefficients. We now want to promote Cx 
to a (decomposable) cycle with coefficients for appropriate coefficient systems W by 
finding a nonzero parallel section of W|Cx. Note that it is enough to find any Fx- 
fixed vector w E W since such a vector w gives rise to a parallel section of W|Cx 
in the usual way. Namely, for z G Cx, the section Sy^ for the bundle Cx Xr^^V ^ Cx 
is given by Sw{z) = {z, w). Thus is constant, hence parallel. Furthermore, for such 
a vector w, we write Cx ® w for Cx ® Sw 

The key point for us in constructing parallel sections is Lemma 14.41 Namely, the 
components Xi, • • • , of x are all fixed by Fx = F^, hence any tensor word in these 
components will be fixed by F^. 

Definition 4.6. For /(A) a semistandard filling for -D(A), we define special cycles 
with coefficients in S[x\{V) by setting 

Cx,[/(A)] =Cx® (Aix)[/(A)]. 

We also define composite cycles C/3j/(a)] analogously as before. 
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To lighten the notation, we will write in the following ^f(x) and xjj^] for (Aix)j(a) 
and (Aix)[/(A)]. 

However, there is an obstruction to the construction of nonzero sections. 

Remark 4.7 ([M], Proposition 4.3). Let A be the highest weight of W and let 

be the number of nonzero entries in A (so i{X) is the number of rows in the associated 

partition). Then 

dim{X) > i{X) 

is a necessary condition for the existence of a G^-invariant vector in W i.e. to finding 
a nonzero parallel section of the restriction of the fiat vector bundle W to the cycle 
Cx. 

On the other hand, for dim{X) > i{X), we do have nonzero parallel sections along 
the submanifold Cx- 

Theorem 4.8 ( [M], Theorem 4.13). For a weight A = (6i, . . . ,&[hi]), assume i{X) = 
k < n. Let /o(A) he the semistandard filling that puts I's in the first row of D{^), 
2 's in the second row etc.. Furthermore assume that for x = (xi, . . . , x„), the first k 
vectors Xi, . . . ,Xk are linearly independent and satisfy (xj, Xj) = 0,i j . Then 

X[/o(A)] = Hvr,(x^„(,)) = HQxf'^ ® • • ■ ® xf'^ 

is a nonzero T'x-invariant in S[x\{V). 

For later use, we record (by an analog of Lemma [2.1 

Lemma 4.9. Let rj be a rapidly decreasing Six]{V)-valued closed {p — n)q form on 
M. If^x denotes a Thom form for the cycle Cx, then $x ® ^[/(a)] satisfies 

/ ('^x®X[j(A)]) = / ri= (r/,X[j(A)]). 

4.4. Cycle- valued homomorphisms on T^(Q"). We now construct composite cy- 
cles C/3^[A] which are homomorphisms from 5'a(Q") to H,{M, S[x](y). 

Definition 4.10. We define elements Cx,[a](-) of ifom(5A(Q"), if.(M, 5[a](V)) by 

Cx,[A](e/(A)) = Cx ® X[/(A)]. 

(Note the map automatically factors through 5'a(Q")). We then have composite cycles 
C'/3,[A](') as before by summing over all x G Cjs. 

Finally note that, if r/ is a rapidly decreasing S'[a] (V)-valued closed [p — n)q form 
on M, then the period J„ rj is the linear functional on 5'a(C") given by 

X, [A] 
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5. Special Schwartz forms 

In this section, we will explicitly construct the Schwartz form ^nq,[\\ needed to 
construct the cohomology class [^ng,[A]](''', alluded to in the introduction. As in the 

introduction we will choose a pair of highest weights A for G and A' for U{n) which 
have the same nonzero entries. We let i be the sum of the entries of A (equals the 
sum of the entries of A') . 

5.1. A double complex for the Weil representation. In this section, V will 
denote a real quadratic space of dimension m and signature {p,q)- Wc write Siy^) 
for the space of (complex- valued) Schwartz functions on V"'. Wc denote by G' = 
Mp{n, M) the metaplectic cover of the symplectic group Sp{n, M) and let K' be the 
inverse image of the standard maximal compact U {n) C Sp{n, M) under the covering 
map Mp{n,R) — > Sp{n,M.). Note that K' admits a character det^''^, i.e., its square 
descends to the determinant character of U{n). The embedding of U{n) into Sp{n, K) 
IS given hj A + iB ^ (-B a)- We let u! = oJv be the Schrodinger model of the 
(restriction of the) Weil representation of G' x OiV) acting on S^V^) associated to 
the additive character t ^ e^"^'*. 

We let H„ = {r = + i^; e 5ym„(C) : v > 0} ~ Sp{n,R)/U{n) be the Siegcl 
upper half space of genus n. We write and t' for the complexified Lie algebra of 
Sp{n,M) and U{n) respectively. We write the Cartan decomposition as q' = t' ® p', 
and write p' = p+ © p~ for the decomposition of the tangent space of the base 
point iln into the holomorphic and anti-holomorphic tangent spaces. We let Zj, 
1 < J < ^{71 + l)/2 be a basis of p~ and let f]j be the dual basis. We let C(xm/2) 
be the 1-dimcnsional representation det™^^ of K' . Wc write Wi = T^(C") ® C(xm/2) 
considered as a representation of K' and let Wi be the G'-homogeneous vector bundle 
over Hn associated to We. We also define and in the same way using S'a'(C") 
instead. 

We pick an orthogonal basis {cj} of such that (e^, e„) = 1 for a = 1, . . . ,p and 
(e^, e^) = —1 for fi = p + 1, . . . ,p + q. In what follows, we will use "early" Greek 
letters (typically a and /?) as subscripts to denote indices between 1 and p (for the 
"positive" variables) and "late" ones (typically // and u) to denote indices between 
p + 1 and p + q (for the "negatives" ones). 

Let g be the Lie algebra of G and g = p + t its Cartan decomposition, where 
Lie{K) = i. Then p ~ g/i is isomorphic to the tangent space at the base point of 
D c:i G/K. We denote by {l<a<p, p+l<n<p + q) the elements of the 
standard basis of p induced by the basis {cj} of V, i.e., 

{e^, iii = a 
Ca, Hi = Id 
0, otherwise. 

We let uja^ G p* be the elements of the associated dual basis. Finally, we let A''{D) 
be the space of (complex- valued) differential k forms on D. 



CYCLES WITH COEFFICIENTS AND MODULAR FORMS 17 

We consider the graded associative algebra 

i,j,e>o 

where 

C'/ = [w; ® /\\p-)* ® «S(F") /\'p* T\V)j '''' , 

where the multiphcation • in C is given componentwise. For each i, we have a double 
complex (C*'*, 8, d) with commuting differentials 

n(n+l)/2 

9 = ^ 1 A(?7j) U}{Zj) (8) 1 (g) 1, 

i=i 

where 

ds = ^l^l^ uJ{Xa^^) ® ® 1, 



c^y = 1 ® 1 ® 1 ® ^K/.) ® P(^a^)- 

Here 74(-) denotes the left multiphcation, while p is the derivation action of Q on 
T^{V). Furthermore, K' acts on the first three tensor factors of C^'^ , while K acts on 
the last one. The actions on S{V"') are given by the Weil representation, while the 
actions on the other tensor factors are the natural ones. 

We also have an analogous complex C*^* by replacing and T^{V) with and 
S[xj{V) respectively. 

We call a d-closed element (p E C'^ holomorphic if the cohomology class [</?] is 
9-closed, i.e., there exists t/j e C^+^'^~^ such that 

dip — dip. 

Note that the maps d and d correspond to the usual operators d and d under the 
isomorphism 

[W; ^°''(H„) ® (g) A^{D) (8) T\V)f'''^ ^ 

given by evaluation at the base points of EI„ and D. In the following we will frequently 
identify these two spaces, and by abuse of notation we will use the same symbol for 
corresponding objects. 

5.2. Special Schwartz forms. We construct for n < p a family of Schwartz func- 
tions ipnq/ on taking values in A"''^{D) (g) ® T^{V), the space of differential 
ng-forms on D which take values in (S> T^{V). That is, <Pnq,e G C^''': 

,K'xG 



A'" flQ n 
(p*) ® T\V) 



K'xK 
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These Schwartz forms are the generahzation of the 'scalar-valued' Schwartz forms 
considered by Kudla and Millson |KM2l IKM81 IKTO] to the coefficient case. 
Starting with the standard Gaussian, 

with X = (xi, ■ ■ ■ ,Xn) e V^, the 'scalar-valued' form ipnq,o is given by applying the 
operator 

*+nq 



P : ® /\ (p*) ^ 5(V^") ® /\ (p* 



n p+g 



V 



iq/2 n n 



2ng/2 

to (^0 ® 1 e ® A°(P*)] 



1 a 

27r 9Xf> 



^nqfl = T^i^Q ® !)• 

Note that this is 2""^/^ times the corresponding quantity in |KM4j . We have 



0,nq 



C(xw2)®5(n®/\"'(p* 



K'xK 



Here the A'-invariance is immediate, while the if '-invariance is Theorem 3.1 in [KMS]- 
We let 

A = Endc {siV") ® /\\p*) ® T(l^)) , 

where T{V) = -^^(^) denotes the (complexified) tensor algebra of V. Note that 

A is an associative C-algebra by composition. We now define for 1 < i < n another 
differential operator Vi E Ahj 

p 



1 



a=l 



1 d 
2n dxrv 



1 ® A(e„). 



Here A{ea) denotes the left multiplication by in T{V). Note that the operator 
is clearly if-invariant. We introduce a homomorphism T : C" i— >^ ^ by 



Tie,, 



where ei, . . . , denotes the standard basis of C". Let me : T^A i-^ ^ be the £-fold 
multiplication. We now define 

Te : T^(C") — > A 

by 

r, = m,o((g)^T). 

We identify 

Home (We, ® /\^\p*) ® T^(^)) ^ W^/ ® 5(V^") ® A"'(P*) ® ^'(^)' 

and use the same symbols for corresponding objects. 
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Definition 5.1. We define 

e Home {We,S{V'') /\^\p*) (^T\V)Y 

by 

for w e T^(C"). We put ^^q/ = for £ < 0. 

Note that the symmetric group Si on £ letters is acting on T^(C"') and T^{V) in 
the natural fashion, which gives rise to a natural action of 5"^ on C^'^ . We will now 
show that (pnq,e is an equivariant map with respect to S^. More precisely, we have 

Proposition 5.2. 

^r^q,e ^ Homc {Wi,S{V^)® /\''\p*)®T'{V)y''''' , 

that is, 

^nq,i O S = (1 (g) 1 (g) S)ipnq,i. 

Proof. We first need 

Lemma 5.3. Let s e S^. Then 

o s = (1 1 (g) s) o 7^. 
Proof. Let ii, i2, ■ ■ ■ ,ii & {1, . . . , n}. Then 

((g) ^r) {s{ei, • • • ® qJ) = s {T{ei,) (g) • • • ^(qJ) , 

where s on the right hand side permutes the factors oi A<Si ■ ■ ■ ® A. Hence 

Te {s{e^, ® • • • (g qJ) = me {s (T(eiJ • • • (g T(e,J)) , 

thus % (s(ej^ g) • • • g) ejj) takes the factors of ((^^T) (s(eij (g) • • ■ (g) ejj), permutes 
them according to s and then multiplies them in A. The product Ti{ei^ (g> ■ • • (g) J is 
a sum of tensor products of products of certain differential operators in S{V^) with 
products of the e^'s in T{V). But the differential operators in 5(V"") commute with 
each other so that the rearrangement of the Dj's has no effect on this factor in the 
tensor product. Hence s only acts on the third factor of 3(^)0 /\"%p*)(g)T^{V). □ 

The proposition now follows easily. For w G T^(C"), we have 

^nqA^^) = %{sw)ipnq,0 = ((1 ® 1 ® s)%{w)) ip^qfi = {I ® I ® s) {%{w)iPnq,o) ■ 

□ 

This will now enable us to define the Schwartz forms (pnq,[x]- We first note 
Lemma 5.4. For any standard filling t{X) of D{X), the composition 

(1 ® l(g 7rt(;,)) o : T^C" /\"\p*) St^^)iV) 

descends to a map 



20 JENS FUNKE AND JOHN MILLSON 

Proof. We have (1 1 (g) s/(a))^ = 1 ® 1 ® Since (pnq,i is equivariant with respect 
to Si, we have 

(1 (g) 1 (g) S/(A)) O ip„y^t>{wi (g ■ ■ ■ (g W^) = (1 (g 1 (g S/(A)) O V5„g/(S/(A)(W1 (g ■ • • (g W^)) 

for all e C", 1 < i < £. □ 

We use the lemma for the standard filling to^X) to introduce ^Pnq,[\]- 
Definition 5.5. We define 

(^„,,[A] e Home (5a(C"),5(\/") ® /\"'(p*) ® S[x]iV)Y 

by 

V5n<?,[A](w) = (1 (g 1 (g 7r[A])(v?ng,K'-A(w^)), 

the projection onto 5'[a](^), the harmonic tensors in S\(y). 

5.3. P\indamental Properties of the Schwartz forms. We will now state the 
four basic properties of our Schwartz forms. These are: 

• ii"'-invariance; thus fnq/ € C^'"'' 

• d-closedness; thus (pnq,i defines a cohomology class [y:>nq,i] 

• The holomorphicity of [v?ng,[A]] 

• A recursion formula relating [fnq/] to [v^ngz-i] 



The first three properties are the generalizations of the properties of (pnq,o in |KM2[ 
lKM8llKM4] . the trivial coefficient case. Except for the i^^'-invariance, we will reduce 
the statements to the case of n = 1. Our main tool in proving these properties will be 
then the Fock model of the Weil representation. We will carry out the proofs for the 
i^''- invar iance and for the other statements in the case of = 1 in the next section. 

Theorem 5.6. The forms ipnq,i cind ipnq,[x] are K' -invariant, i.e., 
and 

In particular, for n = 1, we have 

^q,e G [c{x^i-m/2) ® S{V) ® /\\p*) ® T\V)] """"^ . 

Proof. We consider the first statement using the Fock model in the next section. The 
second statement follows from the first by projecting onto 5'[a](^). □ 

The i^"'-invariance of the Schwartz forms will enable us in Section [7| to construct 
theta series using the forms fnq,ix]- 

Theorem 5.7. The forms (fnq,i O'^d ^nq,[\] define closed differential forms on D, i.e., 

dipnq/{y^) = 

for all X G V". In particular, [a](x) defines a (deRham) cohomology class 
K,,[A](x)] e ff"^ (Z),Homc(^A(C"),5[A](V^))) . 
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Proof. We will prove the case n — 1 in the next section using the Fock model of the 
Weil representation. For general n, it is enough to show that (finq/i^h <S> • • • <S> is 
closed for any n-tuple (cj^, . . . , e^J. By the S^- equivariance of (pnq,e we can assume 
that ii < ■ ■ ■ < ie, so that e^j (8) • • • ® e^^ = ef^^ ® • • • ® e®^" for some non-negative 
integers ii, . . . ,in- But this implies that 

^nqA^f' ® ■ ■ ■ ® ef ")(x) = ipg,e,ixi) A ■ ■ ■ A v^^^l^n)- 

Here the wedge A means the usual wedge for A{D) and the tensor product in the 
other slots. This reduces the closedness of (pnq,e to the case n = 1. □ 

To state the last two properties of the forms ^nq,[x]j we first need to introduce some 
more notation. We define a map 

a : C" ^ {Vy ® /\*p* ® V 

by 

m 

i=i 

Here the Xij,l < i < n,l < j < m are the standard coordinates on V". Thus under 
the identification of {V)* O /\*p* ® V with Hom{V'\ /\*p* ® V) we have 

m m 

(7(ei)(x) = ^2 (1 <8) Cj) = 1 ^ XijCj = 1 Xj. 
j=i i=i 

Now the numbers, the coordinates of the n-tuple of vectors x. Under the 

identification of p* ®V with 1 ® p* C?) y we may rewrite the above formula as 

(T(ei)(x) = 1 (g) 1 (g) Xj. 

By interpreting o-(ej) as the left multiplication operator by cr(ej) we can interpret a as 
a map from C" to A (and we do not distinguish between these two interpretations). 
We let (7^ be the £-th (exterior) tensor power of a, and for A a partition of {£) , we put 

(TX = (TiO Lx: 5'aC" — > A. 

Note that we do not need to distinguish between A' and A because only the nonzero 
parts of the partition matter here. 

Lemma 5.8. (i) Let f be a semistandard filling of D[\). Then 

f^A(e/(A))(x) = 1 ® 1 ®X/(A) 

for any e — ei^® ■ ■ ■ ® & T^{C"'). In particular, 

ax : SxC^ (V^ /\p* Sx(V). 
(ii) The map ax is GL^iC) -invariant, i.e., 

^((«"^e)/(A))(xa) = a(e/(A))(x) 

/or a e GL^C). 
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Proof. For (i), first note 

cri{ei^ ® ■ • ■ ® eij(x) = 1 (g) 1 (g) {xi^ ® ■ ■ ■ XjJ. 

Indeed, 

cr£(ei, (g) ■ ■ ■ (g) eij(x) = o-£(eiJ o ■ ■ ■ o (T^(eiJ(x) = (1 (g 1 (g J o ■ ■ ■ o (1 (g 1 (g XjJ 

= 1 (g 1 (g (Xij (g • ■ ■ (g XjJ. 

But now for s G S"^ and G C", 1 < i < £, we liave 

ae {s{wi (g ■ ■ ■ (g Wf)) = (1 (g 1 (g s)a{wi (g ■ ■ ■ (g w^), 
wliicli gives immediately 

Cr£(e/(A))(x) = 1 (g 1 (g Xj(A), 

as claimed, (ii) follows easily from cr(a~^e)(xa) = cr(e)(x). □ 

We can therefore define a[x\ by postcomposing with the harmonic projection 7r[A] 
onto S[x]{V), and we have 

qA](7rAe/(A))(x) = 10 1® X[/(A)]. 

For V E V, we let ) : T^^^(V^) T'''{V) be the insertion of v into the j-th spot. 
We let Ajk : T^-\V) 

p p+g 

Ajkif) = J2Mea)Ak{ec,)- J2 Me^.)Me^.) 

a=l fi=p+l 

be the insertion of the invariant metric into the (j, A;)-th spot, and we put 

j=i k=i 

One of the fundamental properties of the scalar-valued Schwartz form (pnq,o is that 
for (x, x) positive semi definite, ipnqfii'^) gives rise to a Thom form for the special cycle 
Cx- In view of Lemma we now relate ipnq,[\]{'^) to a[x\{'x)ipnq,o{^)- 

Theorem 5.9. (i) Let n = 1 and let aj be the operator on S{V) (g /\*p* (g T(V) 
defined by = 1 (g 1 (g Aj{x). Then for each j = we have in 

cohomology 

1 

bg/] = WjVq/-l] + -^^[Ajk{f)'^q/-2] 

k=l 

for all X eV . In particular, 
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(ii) For general n, we have in cohomology 

['Pnq,[\]] = [<^[\]fnq,o\, 

i.e,, for all semistandard fillings f, 

bng,[A](e/(A))(x)] = [(1 ® 1 ® X[/(a)] )<^„g,o(x)] , 

where e = e^, O ■ ■ ■ O e,, G T^(C"). 

Proof. We proof (i) in the next section via the Fock modeL For (ii), we first see by 
(i) that up to exact forms we have 



47r 

k=l 



A ■ ■ 



Ait 

k=l 

and we get a similar statement for ^Pnq/{.^h ®---®^ip) by the S'^-equivariance of ^Pnq/- 
Iterating and using Lemma [5.81 then gives a statement for (pnq/{^) with coefficients in 
'S'a(^) analogous to {ii) - up to terms coming from the metric. Projecting to S[\]{y) 
now gives the claim. □ 

One of the main results of |KM4j is that the scalar-valued cohomology class [v?n5,o] 
is holomorphic, i.e, [d^pnq,o\ = 0. We will now show that the more general cohomology 
classes [yj^^ [a](x)] are holomorphic as well. 

For n = 1, we have g' = s[2(C), and the anti- holomorphic tangent space p~ 
is spanned by the element L = | ( ii Zi ) • The Weil representation action of L 
corresponds to the classical Maass lowering operator — 2zf on the upper half plane. 

Theorem 5.10. (i) Let n = 1. Then in cohomology, we have 
In particular, 

[diPq,ie]\ = 0. 

(ii) For general n, we have 

[d'Pnq,[X]] = 0. 

Proof. We will prove (i) in the next section, (ii) follows from (i) by generalizing the 
argument given for the scalar valued case in |KM4j . Theorem 5.2. First note that we 

have to show [dijipnq,ix]\ = for all n{n + l)/2 partial derivatives dij { i < j) in p~. 
By (i), we see 

(1 ® 1 ® 7r[A])&ng/(ef ' ® ■ ■ ■ ® ef ") = 
up to an exact form. By the Srequivariance, we then see 

(1 (g) 1 (g) 1T[X])dii(pnqAei^ (g ■ ■ ■ ® ejj = 0, 
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again, up to an exact form. This gives the desired vanishing for the anti- holomorphic 
tangent space pQ of EI x ■ ■ ■ x H, naturally embedded into EI„. By the i^^'-invariance 
of ^nq,i we now see that {1 ® 1 ® C[^)^nq/ is annihilated by the AdK' orbit of pg 
inside p~, which is all of p~. □ 



6. Proof of the fundamental properties of the Schwartz forms 

The purpose of this section is to prove the K'-invariance of v^ng/ and for n = 1 the 
other fundamental properties of (pq^i. given in the previous section. Our main tool 
will be the Fock model of the Weil representation, which we review in the appendix. 

By abuse of notation we will frequently use in the following the same symbols for 
corresponding objects and operators in the two models. 

6.1. The Schwartz forms in the Fock model and the /C'-invariance. For multi- 
indices a = (ai, ■ ■ ■ , ttq) and (3 = {Pi, ■ ■ ■ , Pi), (usually suppressing their length), we 
will write 

UJa = UJaip+1 A ■ ■ ■ A UJa^p+q, 

e^ = ep^® ■ ■ ■ ® e/3,. 

Here we have returned to our original notation, denoting the standard basis elements 
of V by and e^. In the Fock model, the "scalar- valued" Schwartz form ipnqfl 
becomes with this notation 

'^-9.0=^(^) 2ail---^a^n®^ailA---A^^„®l G^®/\"'(p*)®T°(\/) 



We define 



by 



y^o/ e Homc(T^(C"),^® /\°(p*) ® T^(l^)) 







We then easily see 
Lemma 6.1. 

V^ng/ = '■Pnqfi " ^O/i 

where the multiplication is the natural one in Homc(T(C"), JF (g) /\*(p*) ®T{y)). 

We should note that only in the Fock model we have such a "splitting" of ipnq,e. 
into the product of two elements. We do not have an analogous statement in the 
Schroedinger model (only in terms of operators acting on the Gaussian ^jq)- 



Theorem 6.2 (Theorem 15. 6|) . The form ifnq,e is K' -invariant. 
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Proof. We show this on the Lie algebra level. The element k' = Yi'^j°'^k ^ ^ — fl^n(^) 
is the endomorphism of C" mapping ej to e/c and annihilating the other basis elements. 
To show uj{k')ipnq/ = 0, we need to show 

/^From Lemma [a. 21 we see 

Lj{k') {ipnq,i{ei^ ® ■ ■ ■ ® eij) = Lo{k')(pnqfi ' VoA^i^ ® • " " ® ei,J 

P Q 

+ ^nq,0 ■ ^ ^^afc^ (V^O.^Cli ® " " " ® ei„)) . 

a=l "^""^ 

We have cu(fc')<^n,,o = 0, since (^„,,o G [C{x-m/2) ® ^ ® A^'IP*)] by IEM21, Theo- 
rem 5.1. On the other hand, one easily sees 

'P Q 

^ ZakT. — (V^o.^eii ® ■ • ■ ® ei„)) = v9o/(A;'(ei, ® ■ ■ • (g) ei„)). 

OZaj 
a=l ■' 

The assertion follows. □ 

6.2. The Schwartz forms for n = \. For = 1, we consider the forms yjg^^, ^Jg^o, 
and v^o,^ to be in JF (g) /\*(p*) ® T(V'), and we have 

Here Cg,^ = 2«/2(-i/47r)«+^. Also 

V9g,o = 2^^^(-V47r)^^;Za ® ® 1 and (/)o,f = (-V4vr)^ ^ 2;^ ® 1 ® e^. 

For later use, we note that Theorem 16^ for n = 1 boils down to 



(6.1) ^ f (g) 1 (g) 1 j = (g + £)V2g/, 



a=l 

which follows directly from 

^ d ^ d 

(6.2) ^Za—ipq^Q = qipq^Q and ^ ^^q^V^o/ = ^V^C^ 

6.3. Closedness. Similarly to the Schroedinger model, the differentiation d in the 
Lie algebra complex T ® A *(P*) ® S^iV) is given hy d = + dy with 

(6.3) = y^Lj(Xa^) (g v4(u;aM) ® 1 and rfy = ^ 1 (g A(c^a^») (g P(-^aM)- 



26 JENS FUNKE AND JOHN MILLSON 

Furthermore, we write djr = d'^ + d"^ with 

(6.4) t/^ = _4vr^^-^® 

(i^ = ^ ^ ZaZf, ® A{iJa^) ® 1. 

Theorem 6.3 fTheorem l5.7p . The form (p^i is closed. More precisely, 
and 

dvVq,e = 0. 

Proof. First note that d'^ripq^e = is obvious from ()6.4p . From the 'scalar- valued' 
case, see |KM2j . we have dj^ipg^ = d'^ipq^ = 0. In fact, this can be seen directly by 
()6.4|1 . since one easily checks 

(6.5) ^(z„® A(cj«^)®l)(^g,o = 

a 

for any fi. We then easily see 
For the action of dy, we first note 

. e 

(6.6) (1 ® 1 (g) p{Xaf,)) Vo,e = ^ ® 1 ® Akief,)) ^o/-i- 

k=l 

()6.3p then implies 

e 

dv^q,£ = ^ X] ® ^(^qm) ® 1) V5g,o ■ (1 ® 1 ® ^fc(e;,)) v^oz-i = 

a,^ k=l 

by dnS). □ 

6.4. Recursion. We will now show Theorem 15.91^ 1) . the recursive formula for the 
CO ho mo logy class [v^g/]. 

For j > 1, we define operators Aj{a) by 

We write v4(cr) = Ai{a), and by ()A.3|) we note that this is the image in the Fock 
model of the operator A{a) in the Schroedinger model. 
For j > 1, we introduce operators h'j by 

d 



Ajia) 
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We write h' = h[. Here A*{uJa^) denotes the (interior) multiplication with Xq,^, i.e., 
A*{uja,^){uja,'^') = Saa'S^^'. We define a (g - l)-form A^^] by 



We write A.^,^ = A^^]. 



Theorem 6.4 (Theorem 15. 9|) . For any 1 < j < i, we have 

1 



k=l 

For the proof of Theorem 16.41 we first compute Aj{a)(fq/-i: 
Lemma 6.5. For any 1 < j < i, we have 

Aj (a) if g^e_i = ipg^e + Aj + Bj + C+. 



Here 



" d 



Bj = i "^{-^ ® 1 ® 1) (Pq,o ■ (1 ® 1 ® Aj{ea)) V?o/-i, 

1 



k=l 

where Ajk{f+) is the insertion X]a=i ^i(^a)^fc(ea) in the j-th and k-th position in 
T{V). 

Proof. We write Aj{a) = A'j{a) + A'^{a) with A'j{a) = ^ Ea ® 1 ® M^^o.) + 
^ -2^ 1 (8> Aj(e^). We immediately see 

A'j{a)LPg^i_l = LPg^i + Aj. 

On the other hand, we have 

P Q 



But the last term is equal to C^. Indeed, a little calculation gives 



(6.7) (— ® 1 ® 1) ^o/-l = ^ 5^(1 ® 1 ® A.(ea)) <^o,£-2, 



fc=l 

from which the claim follows. □ 
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Therefore Theorem 16.41 will follow from 
Proposition 6.6. For any 1 < j < i, we have 



where 

£-1 



k=l 

With Ajk{f_) = v4j(e^)Afc(e^). 
Proof. Since ipq/-^i is closed, we have 

{p + q + i- 2)dAq^i^i = dh'jifq^i-i = {d, h'j}(pq^i_i, 
where {A, B} denotes the anticommutator AB + BA. It is easy to see that 

{d'jr, h'j}(pg^e_i = 0, 
so that we only need to compute {d'^, h'^} and {dv,h'j}. 
Lemma 6.7. As operators on T ® f\ *(p*) ® T{V), 

d 

(i) 47rz{d^, h'j} = J2 -^M^^" ® 1 ® - ^z^®D^^® A,j{ey). 

(ii) i{dv, h'A = y2T—®l^ Aj(e^)p(X„^) + J" 7^ ® I^a/s ® Ajie^). 
Here the operators Dap and D^,^ are the derivations of /\*{p*) determined by 

Proof. For (i), using the definitions of the operators and gf^^« = + ^api we 

easily see 

d 

Ani{d'^, h'A = z^Za-^ ® {Aa^, A*^^} (g) Aj{eu) + 5apZf, ® A^^A^f, ® Aj^e^). 

OZj3 



Here and in the following we write A^^^ for A{uJa,fi)- The Clifford identities imply 
and 

/ - A^f^Al^, li ^i = u 
^ -Aa^Al^, if/i^Z/. 

Note 

(6.8) ^v4„^v4;^ = D^^ and ^ A^^A^^ = 



A* A 
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We therefore obtain 

\ <^ / Ct,fl,U 

and the assertion follows from ()6.8|1 . 

For (ii), first note p(Xa^)74j(e;^) = S^iyAj{ea) + v4j(et,)p(XQ^). One then obtains 

d d 
{dv, h'A = V — ® {A^^, A*} ® Aj(e„)p(X„^) + 7^ ® ^a^^L ® V^j(ea) 

— 0Zj3 OZj3 



a,fi 



d d 

by dnH). □ 

Proposition 16.61 now follows from 
Lemma 6.8. 

(i) {4, h'^}v,,i^i = -[p + q + ^- 2)Aj. 

(ii) {dv. h'^}^g,e., = -(p + q + i- 2){B, + C"). 
Proof. We use Lemma (6.71 For (i), we first have 

= -47rz(p + g + £-l)v4j, 

which follows immediately from 
(6.9) 

^ ( d^^" ® 1 ® 1 J V'g,^-! = 5Z ( (^"^ + 1) ® 1 ® 1 j V5g,^-i = (p+g+£-l)v2g/-i 
by ()6.ip . Furthermore, by |KM4j . Lemma 8.2 we have 

(1 (g) D^i. (g) l)v9g,0 = SiiU<^q,0, 

and therefore 



M / 



Lemma IfTTI now gives (i). For (ii), by ()6.6j) we first note 

. e-i 

(6.10) (1 (g) 1 (g) p(X„^) = — ^{Za (g 1 (g ^fc(e^))v5g,f-2. 

fc=i 
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Thus, using fj6.9p . we see 



a,^l V / ^ \k=l / 

= -i{p + q + i-2)C-. 
Finally, by jKM4j . Lemma 8.2, we have 



d 

(1 (g) Daf3 ® 1)V?<?,0 = i^P-g^ ® 1 ® l)V5g,0- 



Hence 



(6.11) Yl ® ® ^j(ea)) y^g/-! 

—2;^ (g) 1 (g) Aj(e^) j ((— ® 1 O l)^g,o) ■ <^o,^-i 

The second term, using (j6.9j) . is equal to — 1)5, while for the first we have 

^ ((^''^^^ ~ ® 1 ® 1^ V5g,o^ ■ (1 (g 1 (g) Aj{e^)) V90/-1, 

and this, using ()6.9p again, equals to —i{p+q — l)B. This finishes the proof of (ii). □ 

This concludes the proof of Proposition l6.6l and hence the proof of Theorem 16. 41 □ 

6.5. Holomorphicity. We will now show Theorem 15. lUf i). i.e., that the cohomology 
class [^Pq,ii]] is holomorphic. 

Following |KM4j . we define another operator h on T ® A*(P*) ® S*{V) by 

d 



dza 



Definition 6.9. We introduce a (g — l)-form ipq^i by 

2{p + q-l) 

It will be convenient to note that we could have also defined ipg^i by letting h act 
on (fg^i. 

Lemma 6.10. 

= 2(p + g"+£-l)^^-^- 
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Proof. We have 

d 

(6.12) hipq^i = (hipgfi) ■ v3o/ + ^{ZfM ® A*{uja,^,) ® l)^q,o " ® 1 ® l)vo,i 

e 

(6.13) = ( Vg,o) ■ <^o/ - ^'j'^i^e-^^ 

with hj = Xla^ -^M ® A*{ua^) ® Aj(ea). But now one easily checks that 

-1 



An 

with 



^i,a\,...,aq-\ 

On the other hand, we also compute 

/^From this the lemma follows. □ 

Theorem 6.11 (Theorem I5.10|) . The action of the lowering operator L on Lpq^i is 
given by 



Remark 6.12. This theorem is the generalization of one of the main points in |KM4j 
for i = 0, the trivial coefficient case. Namely, |iKM4j . Lemma 8.3 states 

(6.14) Uj{L)(fqfi = dlpq^Q. 

Proof of Theorem \6 . 1 1\ We first compute the left hand side: 
Lemma 6.13. 

47r 



^ 1 



with Bj as in Lemma \6.5\ 
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Proof. By Lemma (A. 21 we have 
(6.15) uj{L)if,,^ = _i ^ (^J ® 1 1) y,^, 



in 



(6.16) + 27iCq^e ^ f 'g^^^j 

(6.17) +4.c„,X:(|;%)(^-£) 

(6.18) + 27rcg,^ ^ (^^^) 



-2/3 QS) (X) 6/3. 



7 V 7 



The first two terms ( ()6.15p and ()6.16p give {uj{L)ipqfl) ■ 9?o,£- By fj6.7p . the third t{ 
()6.17p is equal to 

For the fourth term ()6.18j) in the sum above, we apply ()6.7j) twice and obtain 

j = l -y \ 7 / 



-1 ^ -1 

-^V'q-O ■ XI ® ^ ® Aj(e^)Afc(6T,))^o/-2 = —A{f+)^Q^t- 

j=l k=l 7 



We now compute diljq/. 
Lemma 6.14. 



1 ^ 



2 



wi/i Aj and Bj as in Lemma \6. ,51 
Proof. For (i), we first observe 

(6-19) d'^ ((Vg,o) ■ V^O/) = {d'^fhifq^o) ■ <y9o,, 
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For d'jr we get 



(6.20) 
(6.21) 



_d_ 

dz„ 



4vr^ ( ( ^ ® A,/, ® 1 ) hifq^o] ■ ( ( 7^ ® 1 ® 1 ) ^o,e 



a,fi 



For the first term in ()6.2ip we see 

d 



E 



Aaf,Ap^ (g) 1 V9g,o 



Combining this with ()6.7|) we obtain for ()6.2ip 



EE 



(g) v4j(ea) V^g^o " V^O/-! 



But this is exactly (up to a constant) the term (j6.1ip . i.e., (j6.21|) is equal to {p + q 
1) Yl^j=i This together with ()6.19|1 . (16.201) and collecting the constants implies (i 
For (ii), we will use Lemma (6. 101 We easily see 

d 

{dv, h} = ^ z^— (g) 1 O p(X„^) 



a, II 



By dniSI) and dnH), we get 



9Zn 



This implies (ii). 



34 



JENS FUNKE AND JOHN MILLSON 



We are now in the position to finish the proof of Theorem 16.111 Combining 
Lemma [6.131 Lemma f6. 141 and Proposition 16.61 we get 



f 1 " \ ^ 1 

\ j=i J i=i ^ 

1 ^ 1 ^ 

1 ^ 



2 



2 

i=i 

via (EHD and A(/.)<^,,,_i = 1 ^^i, Cr, since = A{U) - A{f^). □ 

7. Main Result 

In this section, we first construct the cohomology class [^^nq,[A]] and use the funda- 
mental properties of ^nq,[X\ to derive our main result. 

First note that over M, the Weil representation action of the standard Siegel para- 
bolic in Sp{n, M) on (y9 G S{V") is given by 

.;((S.^°0)^W = (detar/V(xa) 

for a G GL+(R), and 

for b G Synini^)- Here x = (xi, ■ ■ ■ , x„) G V'"", as before. 

Globally, we let A = Ajj be the ring of adeles of IK. Let G'{A) be the two- fold cover 
Sp{n,A), which acts on ^(^"(A)) via the (global) Weil representation u = cjy. 

For g' G G'{A), we define the standard theta kernel associated to a Schwartz 
function ip G S{V^) by 

By abuse of notation, we let (Png,[x] = ®i=i'^vi, where ip^. is the Schwartz form (Png,[x] 
at the first infinite place and the Standard Gaussian 920 at the other places, and 
we define ipnq,e in the same way. For the finite places, we let ipf correspond to the 
characteristic function of h + bL". 

Given r = (ri, . . . , r,.) G we g'^ G Sp{n, Kqo) be a standard element which moves 
the base point (z, . . . , z) G to r, i.e., 

f _ fl u\ fa \ 

with V = a^a~^. We consider g'^ G G'{A) in the natural way. 

We write px for the representation action of GLn{C) on S'a(C"). 
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For r G HJ^, we then define 

= N^{detia)-"')pl{a)9ig'^,^^) 

= PA(a)V5ng,[A](xa)e*((x,x)u/2), 

xeh+bL" 

and similarly, 9nq/{T,z). Here 

e*(A) = exp ^27ri^tr(Ai(A))j , 

for A e M„,„(K). 

(Slightly abusing e denote by A{T', ^a(C")* ® det"™/^) the space of vector-valued 
(not necessarily holomorphic) Hilbert- Siegel modular forms of degree n for a congru- 
ence subgroup r' and for the representation (p^ (g) det"'"''^, det""*''^, ■ ■ ■ , det""*''^). 

Then Theorems 15.61 and the standard theta machinery give us 

Proposition 7.1. 

9nq,[x]ir,z) e ^(r,5A(C") ® det-/2) ® A"«(M,^[,]V), 

i-^! 6'ng,[A](T, z) IS a V ectoT-v alutd non-holomorphic Hilbert- Siegel modular form for the 
representation {p\ ® det""^/^, det"™'''^, . . . , det"'"''^) with values in the S[x\{V) -valued 
closed differential nq-forms of the manifold M. 

The Fourier expansion of 9nq,[x]{T) is given by 

Onq,[\]{r) = ^ 9f3^nq,[\]iv)e^{l3T), 
l3£Sym„(K) 

with 

Oi3,nq,[x]{v) = pl{a)ifnq,[x]i^a)e^{{x,^)v/2). 

Definition 7.2. If r/ is a rapidly decreasing ^[a] (V)-valued closed [p — n)q form on 
M representing a class [rj] G "^''(M, S'[a]V), we define 

Kq,[x]{r,^)= [ V^Onq,[x]{r)eSx{n*. 

J M 

We define Anq/{T,ri) in the same fashion for rj taking values in T^(V). If rj is S'[a](V)- 
valued, then we have 

AnqA^^V) = Anq,[X]iT,r]). 

Before we can state our main result, we need a bit more notation. For q = 2k even, 
we let Cq be the Euler form of the symmetric space D (which is the Euler class of the 
tautological vector bundle over D, i.e., the fiber over a point 2; G -D is given by the 
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negative g-plane z) and zero for q odd. Here is normalized such that it is given in 

A\P*) by 

eg=f-^j Sgn(0-)fip+<^(l)_p+^(2) . . . ^p+a{2k-l),p+ai2k), 

with 

p 

0=1 

Remark 7.3. The main result of |KM4j is that in the scalar valued case, the gener- 
ating series 



t=0 /3>0 
rank f3=t 



is a classical Hilbert-Siegel modular form of weight m/2. The key point is that for 
nondegenerate x such that (x, x) positive semidefinite of rank t, ipnq,o{'^) is (essen- 
tially) a Thom form for the cycle Cx H e^"*. One has 



r] A (pnqfii^a) = / r^Ae^ * e,(-(x,x)?;/2). 
rx\D \Jcx / 

Remark 7.4. Actually, in |KM4j the noncompact hyperbolic case of signature {p, 1) 
with n = p — 1 is excluded (when the cycles are infinite geodesies). In the following, 
we will also exclude this case. Note however that for signature (2, 1) and n = 1 this 
restriction was removed in |FMlj , and our result will also hold in that particular case. 

The following two theorems are the generalization of the main result of |KM4j . 

Theorem 7.5. The cohomology class [6nq,[\]] is holomorphic; i.e., it defines a holo- 
morphic Siegel modular form of genus n with values in S'a(C"')* ® x(~''^/2) and with 
coefficients m if"''(M, 5[a]V). 

Proof. This follows immediately from Theorem 15.101 We have [5(/9„qjA]] = 0, thus 
[^^n,,[A]](r) = 0. ' □ 

Theorem 7.6. The Fourier expansion of [9nq,[\]]{T) is given by 

n 

[^n,,A](r) = E E (^^(CA[A])Ae^-*) e*(/?^), 

t=0 /3>0 
rank f3=t 

where PD{Cp^\xi^ denotes the Poincare dual class of PD(Cp^\^x\). Furthermore, if q is 
odd or i{X) = n, then [6nq,\\{T) is a cusp form. 

This is equivalent to 
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Theorem 7.7. For rj a rapidly decreasing closed q{n — p) form on M with values in 
S[x](y), the generating series 

n „ 

t=0 /3>0 
rank P=t 

is a holomorphic Siegel modular form of type (det"^^^ ®px, det™^^, ■ ■ ■ , det"^^^). 

Note that by Theorem \S.Si a basis of Sx{C"') is given by 7ixef(^x), where /(A) runs 
through the semistandard fillings SS{\,n). With respect to this basis, we define the 
TTxfiX) component (A[A](r, ?7))^^/(a) by 



iKq,[x]iT,r]))^^f^x) = yj ^^V ^ Onq,[X]{r) j (e/(A)) . 
Note here that the value of A at e/(A) and nxf{\) is the same. We then have 



n „ 

(Ang,[A](r,r7))^,/(A) = ^ 5Z / (^Ae*) e.(/5r) 



t=0 /3>0 
rank /3=t 



n „ 

J2 J2 ((^'X;(A)) Ae^) e,((x,x)r/2), 



(x,x)>0 

where 

£^ = {x G /i + bL" : rank(x, x) = t; x nondegenerate} 
Proof. We denote the /5 Fourier coefficient of (A„qjA](T, ?7))/(a) by 

ai3= \ / V p^(a)v9„g,[A](xa) ((a-^e)/(A))e*(/5t;). 
We first note 

Lemma 7.8. Assume that (3 not positive semidefinite. Then 

ap = 0. 

Proof. For n > 1, this foUows from the Koecher principle, since A[A](r, r^) is holo- 
morphic. For = 1, so that j3 < 0, the vanishing follows from the vanishing in the 
trivial coefficient case by an argument similar to the positive definite coefficient, see 
Lemma 17.91 below. □ 

For (3 positive semidefinite, we write 
for the contribution of the closed orbits and for the degenerate part. 
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Lemma 7.9. Assume (3 is positive semidefinite of rank t. Then 



4= / (r^Ae^-*) 
Proof. By the usual unfolding argument, we obtain 

a'pe^{-(3v) = / A V (^„,,[A](xa) ((a-^e)/(A)) 

/ 5Z 5Z 7Vn<?,[A](xa) ((a"^e)/(A)) 

xGr\£^7Grx\r / 

But now by Theorem 15.91 and Lemma f5. 81 we have 

[<^ng,[A](xa)((a-le)j(A))] = [(1 ® 1 (g)X[j(A)])<^ng,o(xa)] . 

Thus 



V A p^(a)v9„g,[A](xa) (e/(A)) = / r] A {1 (g) 1 (g) X[/(A)])v2„g,o(xa) 

(^,X[/(A)]) A <^„q,o(xa) 

(r7,X[j(A)]) Ae* ) e,(-(x,x)t;/2), 
Cx / 

by Remark 17.31 This implies a% = f„ r? A e* as claimed. □ 

It remains to show 
Lemma 7.10. Assume (3 is positive semidefinite. Then 

a;^ = 

Proof. The recursion formula reduces this to the analogous statement for the singular 
coefficients in the scalar- valued case in the same way as in Lemma f7. 91 The Lemma 
then follows from the vanishing of those coefficients in the scalar-valued case, see 
|KM4j ■ §4. We leave the details to the reader. □ 

This concludes the proof of the theorem. □ 

Appendix A. The Fock model 

We briefly review the construction of the Fock model of the (inflnitesimal) Weil 
representation of the symplectic Lie algebra sp(iy ® C), where {W, (, )) denotes a 
non-degenerate real symplectic space of dimension 2N . We follow |Ad2t rR]V14j . We 
let Jo be a positive deflnite complex structure on W, i.e., the bilinear form given 
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by {wi, J0W2) is positive definite. Let ei, . . . , e^] /i, • • • , /at be a standard symplectic 
basis of W so that JqCj = fj and Jq/j = We decompose 

W (»C = W' ®w" 

into the +i and —i eigenspaces under Jq. Then w'^ = Cj — ifj and w" = ej + ifj, 
j = 1, . . . ,N form a basis for W and W" respectively. We identify Sym'^{W) with 
sp(W) via 

{xoy){z) = {x,z)y+ {y,z)x. 

Given A G C, we define the quantum algebra (see |Hoj ) Wa to be the tensor 
algebra T{W C) modulo the two sided ideal generated by the elements of the form 
x®y — y®x — X{x,y)l. We let p : T(14^®C) Wa be the quotient map. Since T(iy® 
C) is graded, we have a filtration F* on Wa, and we easily that [F'^Wa, -F'^'Wa] C 
^fc+fe'-2yy^_ Hence F^Wa is a Lie algebra. Furthermore, we have a split extension of 
Lie algebras 

— > F^Wx — > F^Wx — > sp{W ® C) — ^ 0. 

Here the second map is p{x ^y) ^ \{x oy) E Sym'^{W ® C) ~ sp(Vr ® C), while the 
splitting map j : Sym'^iW ® C) ^ F^Wa is given by 

j{xoy) = ^ {p{x)p{y) + p{y)p{x)) . 



(Note the sign error in |KM4j . p. 151) 



We let J be the left ideal in Wa generated by W . The projection p induces 
an isomorphism of the symmetric algebra Sym*{W") with Wx/ J ■ We denote by 
Pa the action of Wa on Wx/J — Sym*{W") given by left multiplication. We now 
identify Sym*{W") with the polynomial functions P(C^) = 'C[zi, . . . , z^] on W via 
Zjiw'l) = {wj,w'l.) = 2i6jk and observe that then the action of C Wa on V{C'^) is 
given by 

d 

px{w'-) = Zj and px{Wj) = 2iX—. 

This determines the action of Wa, and we obtain an action ux = Px° j of 5p(iy ® C) 
on P(C^). This is Fock model of the Weil representation with central character A. 

We now let V he a. real quadratic space of signature (p, q) (for the moment, we 
change notation and denote the standard basis elements by Va and v^), and let W 
be a real symplectic space over M of dimension 2n (with standard symplectic basis ej 
and fj, j = 1, . . . ,n). We consider the symplectic space W = V ®W of dimension 
2n{p + q), and note that J = 6* ® J defines a positive definite complex structure on 
W. Here 6 is the Cartan involution with respect to the above basis of V, while J is 
the positive define complex structure with respect to the above symplectic basis of 
W. Then the +i-eigenspace W of J is spanned by the Va ®w'j and ®w'-^ while the 
—i eigenspace W" is spanned by the ® w'- and ® w'y 

We naturally have o(l^) x sp{W) C sp(F W), and one easily checks that the 
inclusions ji : oiV) ~ A^(^) ^ 5p{y ®W) ~ Sym^iV ® W) and J2 : 5p{W) 
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sp{V (g) W) ^ Sym?{y ® W) are given by 



y^(i;i (S) tfj) o (t;2 (g) u;" 



.i=i i=i 



a=l 



M=p+1 



with fi,f2 G and wi,W2 G W^, see |KM4j . Lemma 7.3. 

We write = 'P(^<C"'^~^'^^) for the Fock model JF of the (infinitesimal) Weil repre- 
sentation of sp{V (8 W). We denote the variables in Pl^C^iP+i)^ by corresponding 
to Va ®w'- and 2;^^ corresponding to v^^w'j. For n = 1 we drop the subscript j(= 1). 
We have 



2i\ 



2i\ 



d 



dz, 
d 



Px(Va ® Wj) = Zaj, 



iFiom this we easily obtain the following formulas for the action of o{V) x sp(iy) 
in JF: (the formulas differ from the ones given in |KM4j by a sign due to the sign 
error mentioned above). 

Lemma A.l. For the orthogonal group o{V) = t (B p, we write X^s = Vr A Vg G 
/\^{V) ~ o(y). So t is spanned by X^js and X^y, while p is spanned by the X^^. 
Then 



u{Xap) 

i^{Xf,y) 



d__ _d 

■pj dz, 



d 



d 



"'dz,, 



^3 

n r^2 



dz^ 



dZfyj dZjj^j 



1 " 

—y 



Lemma A. 2. For the symplectic group, we note that in the decomposition sp{W ® 
C) = f © p+ © p~, fi' ~ 0t„C is spanned by the elements of the form Wj o w'^, p+ is 
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spanned by w'- o w'l and p is spanned by w', ow'f, (1 < j, k < n). Then 



= 2i 



E 

.a=l 

V 



d 



dz, 



p+q 
/u=p+l 

p+q 



d 



1 X ^ \, \ 



^2 



a=l /i=p+l ^ 



92 



a=l 



dZajdZak ^ 



fj.=p+l 



Note that for n = 1, we have sp{W ^ C) ~ s[2(C), and (for A = 27ri) the action of 
L ^(^^-Zl) = jw[ o w[ and i? := | ( J _\ ) = ^w^' o w'{ correspond to the classical 
Maass lowering and raising operators on the upper half plane. 

We now give the intertwiner of the Schroedinger model with the Fock model for 
A = 27ri. The /^'-finite vectors of the Schroedinger model form the polynomial Fock 
space S{V"') C S{V"') which consists of those Schwartz functions on V"" of the form 
p(x)v9o(x), where p(x) is a polynomial function on V"' and <^o(x) is the standard 
Gaussian on V". On the other hand, we define an action of the quantum algebra 
on by 



OJ[Vn 



Cj) = 2mx. 



u!{vi^ <S> Gj) — —27rix 



^{Va® fj) 



d 



dx. 



d 



dx 



which has central character A = 27ri. As before, we obtain an action of spiV ®W) , and 
this is the infinitesimal action of the Schroedinger model of the Weil representation in- 
troduced in the previous section. For A = 27ri, we then have a unique WA-intertwining 
operator : ^ 7?(C"(f+«)) satisfying t((^o) = 1 (W annihilates 1 e 7'(C"(?'+«)) 

and ipo e S{V'')). 

Lemma A. 3. The intertwining operator between the Schroedinger and the Fock model 
satisfies 



d 



X. 



2% dx. 



1 

-i — z, 
27r 



aj-) 



X 



aj 



+ 



d 



2n dx. 



a] 



2i 



d 



1 d 



2% dx 



. 1 



1 d 



''^^'^ 2Tidx 



P-3 



dz, 
-2i 



d 



dz, 
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